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Summary

Lyapunov stability theory is used to analyze the stability properties
of equilibrium solutions to some linear and nonlinear partial differential
equations. Stability conditions are established for systems which have, as
a linear part, a self-~adjoint differential operator or one which can be
transformed into a self-adjoint differential operator.

Although the techniques described are applied to systems accurring in
hydrodynamics the methods can be used for similar problems in other fields

as well.



1. Introduction

Frequently the analysis of systems describing physical processes gives
rise to a stability problem of a system of partial differential equations.
Often a stability analysis is cafried out on an approximate sygtem model
having a finite number of degrees of freedom, usually obtained by a spatial
discretization or a modal truncation method. The stability conditions so
derived are sometimes not sufficient for stability except in the case of
infinitesimally small perturbations.

This approach is followed in one of the most recent contributions to
the stability theory of hydrodynamical systems by Eckhaus[l]. His theory
for analyzing the stability properties of the solutions to nonlinear partial
differential equations is based on asymptotic expansions with respect to
suitably defined small parameters and series expansions in terms of the
eigenfunctions. This method becomes cumbersome for more complex systems.

(1]

Some of the systems studied by Eckhaus are investigated here using

[2,31]

general Lyapunov stability theory. The context of the approach is

(1]

the same as in , that is, an investigation of the formal properties of
certain mathematical relationships without a rigorous justification of these
formal properties. It turns out, for the examples cited, that considerable
improvement in stability conditions is obtained by the procedure recommended
in this report, even to the extent of allowing nonlinearities.

The stability of the equilibrium solution is defined in terms of the
norm induced by the inner product of the Hilbert space on which the solutions
of the system are defined. For a certain class of differential operators
the stability conditions of the equilibrium solutions can be derived in a

straightforward way. This class of differential operators can be considerably

extended by a transformation of the differential operator which involves a



modification of the inner product. The general approach, even to systems

containing nonlinearities, is i1llustrated by examples.

2. Statement of the Problem

Many physical systems are formally described by partial differential

equations of the form

3 u(t,x)

1 TLu(t, =0 (x5 te [0,%) (2.1)

where u(t,x) is an n-vector function and L is a matrix whose elements
are linear or nonlinear differential operators specified on a bounded
connected open subset @ of an m-dimensional Euclidean space, Em. The
parameters of L can be space dependent but not time dependent. In order
to uniquely specify solutions of (2.1) a set of additional constraints or

boundary conditons must be given, generally by a relation of the form
Hu (t,x") = 0 (x' € 30; t €[0,=)) (2.2)

where H is a matrix whose elements are formally specified differential
operators and 3R 1is the boundary of Q. Furthermore any solution will
depend on some initial function QO (x) belonging to the n-dimensional
space of functions, © which we will assume is a Hilbert space with elements
smooth enough to assure that solutions to (2.1) and (2.2) exist and belong
to O.

A solution to (2.1) and (2.2) will be designated as u(t,x; 90),

that is, the solution starting at t=0 and with initial condition _gn (x) € 6,

u(0, x; QO) = 90(5). The solution of particular interest is the equilibrium

solution geq(zp € 0, which is assumed to be u = 0.



In the following sections the stability of the equilibrium solution
or the trivial solution, u =0, wili be formulated and for some particular
systems further investigated.

To formulate the concept of stability we suppose that O, as a Hilbert

space, has an inner product <v,u> and the norm, ||.||, induced by the
inner product Hy_” = (<_11,2>)1/2. Then the distance at any time between
v and u, in © is given by H_y_l - 1_1_2| ] . As used here a general inner

product of two functions u, v € © 1is denoted by:

<wow = [ ¥ U(x) u de (2.3)

2

where (T) denotes the transpose, W (x) is a 'weighting' matrix. Its elements

can be chosen as continuous functions in x such that
— T
H®="® (2.4)
and

BT_Q;ETE(E)H_;BZH_TE, © > By >B8, >0 (2.5)

for all "~ xe Q=9+ 3 Q.

The conditions (2.4) and (2.5) assure that the norm induced by (2.3) and

the norm induced by <wv, u > = f _\LT udQ are equivalent.
Q

As will be shown, an advantageous choice of W(x) depends on the form

of the linear part of the operator L in (2.1).

3. Stability of the Equilibrjium Solution

The concept of stability can be defined in many different ways. Ilere
stability will refer to stability in the sense of Lyapunov, that is, a system

is stable if for a sufficiently small perturbation from equilibrium, the



solution will remain close to equilibrium for all future time. The
stability of the trivial solution u = 0 can now more precisely be defined

in terms of the norm given on 0.

Definition. The trivial solution u = 0 of (2.1) is said to be stable in the
sense of Lyapunov if for every real number e>0, there exists a real number

8>0 such that llgo(g]] < & dimplies ||u( t, x; go)||< e for all t > 0.

Definition. The trivial solution 'g =0 of (2.1) is said to be asymptotically
stable if it is stable and in addition ||u(t,x; go)||+n as too,
The stability properties of the trivial solution u = 0 of (2.1) can

often be determined by consideration of the rate of change of the functional:

vy = 11112 - .. < - f T s 8 1o sa 1N
viw) = | juj| SH,u” T o4 U W X)) U a o (J.1)
Q
The time variation of V(u) along solutions is given by
V(L) = V(Qu(t, z; 8,(X) t e [0,2)
with V(0) = V(8y(x))
and its time derivative by
D) - oagmp L vierh) - V()] (3.2)
dt h0 h

for u (t,x; 20(5)) if the limit exists.

Formally, from (3.2), it follows that since
<_‘~_1_(t + h)’ y_(t + h) > - <u (t)p u (t)> =

= <yu(t +h) +u (t), u (t +h) - u(t)> . (3.3)



-‘%’-&Q = }11_1):3 [<u(t + h) + u(L), (e E) - u(t) ] (3.4)

dult, x; 89(x)

avit) _ .
or de =2 x 8,0, 5t >
yielding _legt = - 2 <y, wb (3.5)
It is clear that if Q%égl can be reduced to the form:

VW ¢ 2 [fultsxs 8912 = 20 V() (3.6)
dt = =0

where o is some real constant, it follows by integration that

V(w < V(_e_o) exp 2at
or Hu (&5 x5 811 2 1185@ || exp at (3.7)

and the equilibrium solution u =0 will be asymptotically stahle for a<0
and stable for o £ 0 for all t > 0. The functional V(u) with these
properties is a Lyapunov Functiona1[3]. Thus, with the proper choice of
inner product or norm, the square of the norm becomes the Lyapunov
functional which establishes asymptotic stability.

In the following section gg—é& will be evaluated for a certain class

of linear differentlal operators L. The section is followed by examples in

which these methods are extended to certain nonlinear systems.

4, Self-Adioint Linear Differential Operators

Consider the system as given by (2.1) and (2.2) and let L be a linear

operator. The extent to which one is able to reduce —g‘tﬂ‘g}- to the form
1)

In a completely functional analytic presentation, this equation would
only be defined on the domain of L, D(L) & 6, but provided this domaif:ﬂs
dense in ©, the conditions derived later are sufficient for stability .



(3.6) depends intrinsically on the operator 1. With respect to an inner

product, Lf, the adjoint operator of L is formally defined by
<v, Lu>=<L*v, w (4.1)

for all u in the domain of L. An important class of operators is formed by
the self-adjoint operators. An operator is formally self-adjoint if L* = L.

If one restricts oneself to the inner product

<v,u> = [ v'u d®  (4.2)

Q
it is clear that the corresponding class of self-adjoint operators is very

limited. The introduction of the matrix, W(x), often permits L to be made
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self-adjoint with respect t

in the following example.

Example. Let the differential operator L be given by

2
L u = a(x) —g—xﬁ-+ b (x) %:-+ c(x) u, (4.3)

0<xz<1, a(x) 268 >0, b(x) # 0 and boundary conditions u(0) = u(l) = 0.

Then with the inner product (4.2):

2
<v, L u> = fl viudx-= fl {a(x)v %;% + b(x)v %ﬁ'+ c(x) vuldx.
0 0

After integration by parts and substitution of the boundary conditons,

assuming v(0) = v(1) = 0 one gets

= (L, 32 3
<v, Lu = [~ {u s;g(a(x)v)—u = (h(x)v) + e(x)vuldx

<L*v, u>

*

where L™ is given by



x,_ _ 92 )
L% 2 302 (a(¥)v) - 3= (b(x)v) + e(x)v,

0 < x ¢ 1 and boundary conditdons v(0) = v(1) = 0. Clearly L*¥ # L and L
is not self-adjoint.

But L is equivalent to Le as given by

2(p(x) )

_ 1
Leu = w(x) ax + q(x) u, (6.4
0 ; X ; 1, where q(x) = C(X)
PG = exp [0 263 ax w6 = @) exp [ L) ax

0. This can be verified directly.

L}

and boundary conditons u(0) = u(l)

Application of the general inner product (2.3) gives
< s=flv d=fl{va—-((X)ﬂ)+v() }d
v,Leu —0 v euw X . - P 3% q(x)uwidx

Integration by parts of the expression in the integrand and substitution of

the boundary conditions, with the assumption v(0) = v(l) = 0 gives

9
<v, Le u> = fl {u ;— (p(x) -g-}%) + u qx)v w} dx <L*ev, u> =
X

0

<L v, u>.
e

Thus Le will be self-adjoint with respect to the inner product

<v, u> =f1v u w dx. (4.5)
0



The significance of the choice of inner product becomes apparent on
evaluation of Q%{El given by (3.5) where V(u) is given by (3.1), for
self~-adjoint operators. If L is a self-adjoint operator with a lower semi-

bounded spectrum and Amin is the smallest eigenvalue of L, then

A < > < <y, L w (4.6)

5 +*Lu=0 (4.7

and let 1, be a differential operator with possibly space dependent coefficients.
Let a set of boundary conditions be specified and let L be self-adjoint with

respect to the general inner product

v, w = [ ¥ W& ude (4.8)

Q

From (3.5) and the fact that L is self-adjoint with a lower semi-bounded spectrum

and Xmin is the smallest eigenvalue of L, it follows that

av ()
dt

; -2X <_[=1-, E> (4.9)

“'min
Hence if Amin > 0 we have (3.6) and thus asymptotic stability.

A similar approach can be followed when L is time varying by introducing
W(x, t). The elements of W(x, t) must be continuous in both x and t and
continuously differentiable in t and such that (2.4) and (2.5) are satisfied.

The derivative dV(u) can be evaluated as in Section 3. This yields an
dt

additional term in (4.9) which can bhe estimated to yield a suffieient condition

for stability.
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The use of this general inner product has the advantage of relating
the stability properties directly to the eigenvalues of the differential
operator for a large class of operators. As will be shown in the examples
in the next section in order to reduce d VW to the form a <u, u> one
can apply well-known integral inequalitieztrather than calculating the
eigenvalues, The use of the general inner product representation facilitates
the application of these inequalities and improves on the resulting stability
condition. Of course these inequalities[4] » although standard, are to some
extent based on estimates of the eigenvalues.

When applied to nonlinear differential operators the advantages bhecome
even more apparent since this permits an estimate for the set of initial
functions in © for which the trivial solution is asymptotically stable. 1In
the next section this will be illustrated by applying the-above methéds to Burgers'

[1]

model of turbulence and some of its modifications as studied by Eckhaus

5. Applications.

Example 1. Burgers' model to describe turbulence as studied by Eckhausrl] is

given by

2
32— - u, - L i 1 + aul - uu, =0
at 1 R 3 x2 ax 172
du
2 1 1 2 _
e + R Yo + jg uy dx.— 0 (5.1)

0 < x < 1 and boundary conditions ul(O) = ul(l) = 0, To illustrate the

foregoing we will make a slight generalization of the above problem and

in the sequel establish the results of Eckhaus.



(a) Consider first the linear system

2w
+

e

Ie
[}

=

1 2
ul - - ax

o Wi

where u =

[
]

A= O

Y

with R = R(x) > O for xe [0,1] and boundary conditions uy (0)
This assumption complicates the problem, because with constant
L is self-adjoint with respect to the inner product

1

<v, u> = IO (vlul + vzuz)dx

(5.2)

= ul(l) = 0.

R the operator

(5.3

and the condition for asymptotic stability of the trivial solution u = 0

can be derived from the smallest eigenvalue of L which is easily determined.

However, since R(x) is assumed to be space dependent, some sort of

variational technique would be required to obtain Amin'

shown below by making use of an integral inequality.

This ¢

an be avoided as

For the system as given by (5.2) choose as V(u) functional:

V@ = |lull? = <y, w = [yu’ ¥ u dx
where Hx) = RG) , 0 .
0,1

V(u) is now the required Lyapunov Functional[3] if __d_\%%_) < 0.

(5.4)

(5.6)

L is

self-adjoint for the inner product (5.4), however determination of the

eigenvalues is not as immediate as in the case of constant R,

V(u) is:

The derivative of

11



dv(u)
dt

= =2 <u, L u> (5.7)

Substituting L and W(x) gives:

dV(u) 9 32u1 1 9
= =2 f {—R(x)ul -y —z' ﬁ;)—UZ}dx' (5.8)

Integration by parts of the second term in the integrand of (5.8) and substi-

tution of the boundary conditions gives

dv(u) u

_ _ 2 1.2 1 2
= -2 f (RGO up + G + gy up) dx (5.9)
Now the following integral inequality[l'] holds for uy
1 oJu
1.2 o 1 2
fO ( pee ) dx > w IO u] dx. (5.10)
Thus dv(u) 1 9 1 9
- 2 _p —_
T < 2 fo {(w P(x))ul + O }ax (5.11)
or
av(u) 1 ) 1 ,
T < -min G - RGO, gy ) [l (5.12)

zxe [0,1]

The equilibrium solution u =0 will be asymptotically stable if

min 1
xe [0,1] G 2 - RGD),g5y 0> O (5.13)

Since R(x) > 0 for x ¢ [0,1] condition (5.13) reduces to

2 > max R(x) . (5.14)
xe [0,1]



With constant R>0, for u = 0 to be asymptotically stable, it follows immediately

from (5.14) that a sufficient condition is that

0 <R < 72 (5.15)
This condition is identical to that obtained by requiring that Amin of L be
positive, since it is shown in [1] that.
."2
Aln =X (n+1) -1 (n=0,1,2,...)
=1
AZO =3 (5.16)
ou
(b) Next consider the nonlinear case and suppress (as in [1]) the Y
term in (5.1). This gives:
2u 1 5% Buz 1 2
-a—t'—u—-ﬁ ?};Z+-B—;—+R['[Ode]u=O (5.17)

0 < x < 1 and boundary conditions u(0) = u(l) = 0., For simplicity, assume

in addition that R is a positive constant here. Taking as V(u) functional

1
V(u) = |‘u||2 = IO u2 dx (5.18)

its time derivative becomes:

1 2 2 1
dv(w) _ _ 2 _ 1 .3%u du 2 2
T 2 fo { «u ﬁ-u(szz) + u o + R ( fO u“dx) u”}dx. (5.19)

Integration by parts and substitution of the boundary conditions glves:

2

1
{-u +% (_g_:__)z + R (fo u?dx) u®}ax (5.20)

1
Applying the integral inequality (5.10), the fact that IO uzdx > 0 and

R > 0 gives:

1 2
W [l - u? ax. (5.21)

13



Thus the modified nonlinear system also has an asymptotically stable

equilibrium solution u = 0 for

0 <R < w2 (5.22)

This verifies the previously obtained result in [1] suppressing the g;g term,

(c) VNext it will be shown that a stability analysis of the nonlinear system (5.1)
can be made with the techniques described above without making the modification
under (b), a result not obtained in {1]. Consider the system as given by (5.1)

and let R be constant. Since R is constant take as V(u) functional:

1 2 2
V(u = <u, u>-= fo (u] + u3) dx . (5.23)
The time derivative of V(u) becomes after substituting (5.1):

82y 2 .1 2 L auf
ul -_a_x%_ -— u1u2 + 'E U2 + u2 IO uldx + ul ax] dx (5-24)

el

dv(p _ 1 2
_TthQ = -2 'fo [-uy -

Integration by parts and substitution of the boundary conditions and inequality

(5.10) gives:

2 1
CUASD f(l) (- o]+ 2 - u@l- [ e lax. (5.25)

dt R 0

The inequality (5.25) can also by written as:

1 2 1 2
2 -
dv(u) - fl ” b4 _1)u2 . 1 u2]dx . IO uz(u1 IO uy dx)dx 5.26)
ac = <y LU R 1 TR %2 .

1., w2 2 1 2
[olC g =Du] + 5 uy] dx

and certainly:

av(w)
de

1
2 1 2
IO qu(u1 + IO uldx)ldx

1
<=2 f) I -;’{—2- -Dud + % (5.27)

1 e 2,1 2
({ [( g -1)u] + 7 upldx

1k



Repeated application of the Buniakovsky - Schwartz inequality and the fact

that fol uidx < [lu||? and foluzdx < |l21|2 yields from (5.27):

av (w) 1, 2| |u|?
- 2 1 2 u
<=2 [ [(I=-Duf +=uldx | 1- - (5.28)
dt = o 'R 1TRY min(; FRENTHIE
or
— 2 1 2 2 .
T S -2 fo [z -Dup + zupldx | 1m e [[u|l}. (5.29)

min ( g— -1 R

A sufficient condition for the trivial solution u=0 of (5.1) to be

asymptotically stable is thus that
0 <R < n? (5.30)
and the disturbances be bounded in norm by

1

2
ul] < 1 nin (;— -1, ) - (5.31)

2

Notice that (5.30 - 5,31) requires the linear approximation of the system (5.1)
to be asymptotically stable, which should be expected.

The conditions (5.30 - 5.31) are derived without any prior knowledge about
the solutions, an important advantage ef the Lyapunov approach. However an

examination of (5.1) shows that u, is independent of x. Consequently u, can be

2

taken outside the integral sign in (5.26). Upon integration there follows

1 2 2 .1 2
-2 fo [( g -1 u] + 3 uy] dx (5.262)

dv(u)

A

dt
A sufficient condition for the asymptotic stability of the trivial solution

u =0 of (5.1) is thus 0 < R < n2, the same as the linear approximation case.

15
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This example shows that the Lyapunov stability theory not only enables us

(1]

to verify the results of but to extend these results considerably,

[1]

Example 2. Next we consider a second example from

' 2 1
u 2 2 2 du 1 du 2 2
Yl (x" + VRQ u - JE‘X % ~ R o% 4+ R IO udx}l u=0 (5.32)

0

A

x < 1, boundary conditions u(0) = u(l) = 0 and R a positive constant,

The linearized system is given by:

du 2 2 2 3u 132 _
TSR N L T (5.33)

0 < x < 1 and boundary conditions u(0) = u(l) = 0. The linear differential
operator L of (5.33) is not self-adjoint for the inner product

1
V,u> = IO vu dx, (5.34)

Hence on the basis of the preceding, we might expect that the stability
condition derived with this inner product would not be the best possible one.

To illustrate this take as the functional V(u):
1
V(u) = IO u2dx.

The time derivative follows after integration by parts as

1
W ok @y (ﬁw ) ¥ }dx. (5.36)

Applying the inequality (5.10) gives

2
dav (u 1,1 1 2.2
__d_EL < =2 Jo (3 -F—lx)u dx. (3.37)



And a sufficient condition for asymptotic stability of the solution u=0 is:

2
. max {x2}> 0 (5.38)
Vﬂi xe [0,1)] *

Wld

or

O<R<%(1+2n2-\/1+4n2). (5.39)

One can improve greatly on condition (5.39) as an evaluation of the
eigenvalues of L suggests (see [1]) by observing that L is equivalent to the

operator Le as given by:

1
Lu=- T %;(p(x) %§’+ q(x)u (5.40)

with
2
p = exp Vﬁ‘x
R exp V-R..x2

]
it

SRt s

and boundary conditions u(0) = u(l) = 0.
The functional V(u) will be taken as

1
V{u) = < u,u > = fO u2 w(x)dx. (5.41)

After integration by parts and substitution of the boundary conditions

its time derivatives becomes:
av (u) LR %% u,2 VEx> 2, 2.2
T =2 IO {e q;? - Re (x +-Vﬁ9u }dx. (5.42)

bR

lere the inequality (5.10) can again be applied, now however to e u,

rather than to u, Substituting the result into (5.42) gives:
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dv{u)

1
at - o‘

na

72 P
R Jﬁp u w(x) dx. (5.43)

The condition for asymptotic stability of the equilibrium solution u=0 of

(5.33) follows from (5.43)

This condition is

as should be expected,

as

0 <R < 7h, (5.44)

identical to that found by evaluating the eigenvalues of L

Further, comparison of (5.39) and (5.44) shows the

intrinsic dependence of the stability condition on the V(u) functional chosen,

The modification of the functional V(u) based on a transformation of the

differential operator L in this case results in a significant improvement of

in Example 1, the

systems, To show

functional (5.41),

results are even more important when dealing with nonlinear
this consider the nonlinear system (5.32). Take as V(u)

thus

V(u) = f; u2 w(x) dx. (5.45)

The time derivative of V(u) becomes:

dviu) _
dt

Integration by parts, substitution of

(5.10) together with the fact

2
o e Ty

0

dV(u! 2 fl IE
R

2
Re Vﬁ‘x

2 2
l-R ev-ﬁ-'X u %ﬁ— +

(x2 + V%O u2
+ VR RS

X

f u dx]u }dx. (5.46)

the boundary conditions and the inequality

1
f u2dx

> 0 and R > 0 give
0 =

l_2

JK‘ 3

VE x u]uzw(x) dx. (5.47)



Since 0 £ x < 1, Q%égl will certainly be negative definite for

2
-;;—-\%—%V?{-'lul > 0 _ (5.48)

for all xe [0,1].

Hence the equilibrium solution u=0 of (5.32) will be asymptotically stable

for all disturbances bounded by

72

max [uf <-§'-Ilz ( -1).

xe [0,1] (5.49)

This result is again similar to that obtained by Eckhaus [1], however
the above procedure enables one to obtain it in a straightforward way without
making many complicated calculations as is the case when using asymptotic

expansions,

6. Conclusions

Some recent results in the stability theory of partial differential equa-~
tions have heen obtained by means of Lyapunov stability theory. Although the
application of this theory might not be as unified as the approach outlined
by Eckhaus [1] it is felt that with some sophistication many results can be
obtained in a less cumbersome way. It is also gratifying that many of the
results of Eckhaus are verified using Lyapunov stability theory. Among the
useful tools that can be applied we have demonstrated a transformation of the
differential operators and the use of integral imequalities.

The feasibility of Lyapunov stability theory in the analysis of solutions
to partial differential equations is clearly established by the ease with
which sufficient conditions for stability are determined for the linear and

nonlinear systems discussed in the examples,

19
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important, complete, and a lasting contribution to existing knowledge.

TECHNICAL NOTES: Information less broad in scope but nevertheless of
importance as a contribution to existing knowledge.

TECHNICAL MEMORANDUMS: Information receiving limited distribu-
tion because of preliminary data, security classification, or other reasons.

CONTRACTOR REPORTS: Scientific and technical information generated
under a NASA contract or grant and considered an important contribution to
existing knowledge.

TECHNICAL TRANSLATIONS: Information published in a foreign
language considered to merit NASA distribution in English.

SPECIAL PUBLICATIONS: Information derived from or of value to NASA
activities. Publications include conference proceedings, monographs, data
compilations, handbooks, sourcebooks, and special bibliographies.

TECHNOLOGY UTILIZATION PUBLICATIONS: Information on tech-
nology used by NASA that may be of particular interest in commercial and other
non-aerospace applications. Publications include Tech Briefs, Technology
Utilization Reports and Notes, and Technology Surveys.

Details on the availability of these publications may be obtained from:

SCIENTIFIC AND TECHNICAL INFORMATION DIVISION
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
Washington, D.C, 20546



